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Abstract. In mechanical engineering and in the engineering literature dealing with 
flow induced oscillations of bluff bodies frequently a non-robust model with nonli- 
near terms of third order and two parameters is used.By means of the methods of 
bifurcation theory it can be shown that this system corresponds to a degenerate 
system with a double zero eigenvalue with Codimension 3. Therefore 3 parameters are 
needed to obtain a robust model. A physical interpretation of the third parameter 
and its influence on the bifurcation diagram are given. 
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INTRODUCTION 
This work was motivated by an investigation of 
flow induced vibrations of tubes with non-circu- 
lar cross-section in a steam boiler. In setting 
up an appropriate mechanical model, as it is 
used in almost all engineering applications 
(Parkinson and Brooks 1961, Blevins 1977), it 
turned out in the course of the mathematical 
analysis that this model is not robust and the 
usually used parameter unfolding is not versal. 
In simple words this means that small perturba- 
tions of the unfolded system used by engineers 
could lead to qualitatively new ways of behavior 
which are not predictable by the used mathemati- 
cal model. The proper way to handle this problem 
is the use of the methods of bifurcation theory. 
A nice application of bifurcation theory to flow 
induced oscillations is given in Holmes and 
Marsden 1978. 
We start by explaining the flow excitation pro- 
cess generally used in engineering applications. 
Consequently we introduce the very simple but 
commonly used mechanical model for the motion of 
the tube. The main point of our paper is to show 
that this model is of a higher degeneracy as it 
is recognized by engineers. Mathematically spea- 
king this means that the Codimension of the 
degenerate system is three. I.e. a three parame- 
ter unfolding is necessary to have a robust sy- 
stem. However, in engineering applications only 
two parameters have been used (Parkinson and 
Brooks 1961, Blevins 1977). Finally we explain 
the influence of the third parameter in the bi- 
furcation diagram and we give a physical inter- 
pretation of the result. 
FLOW-INDUCED EXCITATION PROCESS 
If a structure oscillates in a steady flow aero- 
dynamic forces are created which either tend to 
diminish or to increase the vibrations of the 
structure. The latter case is an instability 
phenomenon which is well known to occur for 
light weight, flexible structures exposed to 
Flow. If the flow separates from the cross sec- 
tion of the structure the aerodynamic force is a 
nonlinear function of the angle of flow and the 
structure is called bluff. The flow induced vi- 
bration of bluff structures is commonly refered 
to as stall flutter or galloping. For a long ti- 
me a well known example of a galloping phenome- 
non is the occurence of vibrations of ice-coated 
power lines. 
Basically for the occurence of the galloping 
instability is the shape of the cross-section of 
the structure. There exists a wide variety of 
cross-sections among them the square and the 
rectangle which are potentially prone to the 
galloping instability. We restrict our investi- 
gation to cross-sections which are symmetric 
with respect to the direction of the fluid flow. 
The mathematical model for the force F, acting 
on the body normal to the 5 direction is then 
given by 
F, : ; pV'DCw 
where V is the flow velocity, P is the density 
of the fluid, D is the width of the cross-sec- 
tion, w is the displacement of the bodytrans- 
verse to the flow and 
C, = al i + a3 ';P + . . . (2) 
(see Fig. 1). Only odd powers of the polynomial 
are included since the section is symmetric 
about the flow angle o. z 0. The coefficients al, 
a3, . . . must be determined from experimental 
data. For a square section they are given to a, 
:: 2.7, a3 = -31.0 in Blevins 1977, (pg. 69). 
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MECHANICAL MODEL OF THE OSCILLATING TUBE 
Due to strong local variations of temperature 
tubes in steam boilers or heat exchangers c-an be 
either in a state of tension or compression. 
Therefore it is necessary that in our beam model 
for the tube both the effects of bending and 
axial forces are included. Appropriate equations 
of motion are derived in Nayfeh and Mook (1979) 
in chapter 7. We have (Fig. 2) 
where the terms account for inertia, bending, 
axial force, internal damping and flow excita- 
tion respectively. 
FIG, 2. M&al of the ~ 
te3.FN ard 
Introducing dimensionless variables 
l.I* 
w=-, E x =- ( t = “‘I 
1 1 (4) 
( 15 =+o,, ( lc = v( It 
and F, from (1) into (3) we obtain 
utt + uxxxx + ‘1%xXxX - ‘2Wxx 
1 (5) 
- y3( ; (u,)‘dx) wxx - ‘Alit - ‘5Wi -0 
With Y : r’E/o i/l’ we obtain the dimensionless 
coefficients in (5) to 
Dl’v 
(6) 
‘5 = - a3 
2AV 
Here A is the area of the cross section of the 
beam, I c Ai’ is the area moment of inertia, i 
is the radius of gyration of the cross SeCtiOn, 
1 is the length of the beam and E is Young’s mo- 
dulus. 
As boundary conditions we stipulate simply sup- 
ported ends 
W(O) = w(1) = 0 ) W,,(O) = W,,(l) = 0 . (7) 
BIFURCATION ANALYSIS 
peduction orocess 
The first step which we have to do is to reduce 
(5) in the neighborhood of the bifurcation point 
to a system of ordinary differential equations. 
In Holmes and Harsden 1978 center manifold theo- 
ry is used for this purpose for a partial diffe- 
rential equation similar to (5). However, we do 
not feel it necessary to go through the compli- 
cated functional analytic analysis because Ga- 
lerkin’s method furnishes a qualitatively cor- 
rect reduction method in our case. 
Introducing 
u(x,t) = q(t)sinvx , (8) 
which fulfils (71, into (5) and Performing Ga- 
lsrkin’s method we obtain the ordinary differen- 
tial equation 
‘d l (Y,l’-Y& + r'(n'+Y2)q + 
1 
+ ; r3v.q’ - + r5q -1 = 0 
(9) 
For y,v*- ~11 = 0 and y2 I 42 we have the most 
degenerate situation possible: bifurcation at a 
double zero eigenvalue. From (6) the correspond- 
ing critical parameter values PR and VR fOllOW 
immediately. Furthermore we note from chapter 2 
that y5 is negativ. Thus the degenerate system 
reads 
;j l aq’ + b+ I 0 (10) 
where 
1 a=_ 2 r3v’ > 0 
3 and b : - - 4 ‘5 ‘0 (11) 
are the corresponding coefficients in (9) eva- 
luated at V I VE and P = PK. 
on to Normal Form 
Rewriting (10) as a first order system 
x1 : f(x,,x2) = x2 
(12) 
x2 z g(x,,x2) D - axi - bx: 
we have to oheck whether (12) can be transformed 
to the Arnold-Bogdanov Normal Form (Holmes 1981) 
of third order. To’do this we write down the bi- 
furcation equations for a double zero eigenvalue 
up to nonlinear terms of third degree 
x = Y+o,x’+02x’y+03xy’+“~y’+o~lxl’+)yJ’~ 
(13) 
Y= E,x’+B2x~y+03xy’+6~y’+o~Jxl’+lyl’~ . 
We do not include quadratic terms in (13) as 
those are, in general, not relevant for oscilla- 
tory processes. In order to transform (13) into 
Normal Form we make a change of variables 
x = x(u,v) 
(14) 
y I: y(u,v) 
which leads to 
X iI [ XU ; 3 yu XV 
U 
YV I [:I v (15) 
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From (15) we calculate t, 6 and obtain 
If we take 
x = ” + k,u' + k2u'v + k3uv= + k4v' 
(17) 
y : " + l,u' + 12u% + 13""Z + 14v' 
for (14) we obtain from (16) 
u = v + (l,+a,)U + (12+a2-3k,)uzv + (16) 
+ (13+a3-2k2)uv* + (14+a4-k3)v' + h.o.t. 
"a 6,u' + (B2-31,)u% + (a3-212)"Y~ + 
(B4-13)v' + h.o.t. 
We have it now at our disposition to require 
that (18) has the structure of a second order 
oscillatory system. I.e. the coefficients of the 
nonlinear terms in the first equation of (18) 
must vanish. This can be done by a proper choice 
of the coefficients li and ki. It is obvious 
that then also the first two coefficients in the 
second equation of (18) are fixed (1, = -a,). 
The remaining terms in (18) 
1 
can be made to 
vanish by a proper choice of 2 and 13. We the- 
refore obtain from (18) 
; q v + O(lUl' + Iv\') 
(19) 
v = 6,U' + (E2+3a,)"~v + OOUJ + Ivl') 
(19) is three-determinate, i.e.the addition of 
terms of higher order than three do not influen- 
ce the local bifurcation behavior. Furthermore 
(19) has Codimension two and is the Arnold-Bog- 
danov Normal Form. 
If we calculate the coefficients in the Arnold 
Bogdanov Normal Form for the vibrating tube (12) 
it turns out that the coefficient of the term 
uzv is zero. Thus for (12) the terms of third 
order are degenerate and we have to calculate 
terms up to the fifth order. If we do this simi- 
larly as we did for the third order terms very 
cumbersome calculations have to be performed. A 
better way is given by the use of the Lie-trans- 
formation method (Holmes 1981). The Normal Form 
of (12j.u~ to fifth order terms follows to 
" = v + O(lul' + Iv\') 
(20) 
v = 6,~' + eu'v + O(lul' + Ivl') 
where 6, = -a, e = - 3ab, with a, b from (11). 
As a and bare both positiv, e is negativ. 
U"fOldjJlg 
The essential point in the treatment of (20) is 
that a versa1 unfolding needs 3 parameters (a,, 
c2, Ed) and can be done in the following way 
;1 = " + O(l"l' + Ivl') (21) 
v = E,"+E2v+E3uIv+B1u'+eu'v+O((ul'+(vl'). 
A model with r3 = 0 is not robust and therefore 
not a good mathematical model for a physical or 
technical system. By a versalunfolding we un- 
derstand a parametrized family of bifurcation 
equations which includes all qualitatively pos- 
sible cases of the given class. If we have a 
versa1 unfolding with the minimum number of 
parameters it is called universal. In this case 
the three parameter family is universal and 
given by the parameters E,, e2 and a3 (Dangel- 
mayr 1984). 
What now remains to be done is the calculation 
of the bifurcation diagram, and the physical 
interpretation of the third imperfection parame- 
ter a3. 
PHYSICAL INTERPRETATION OF THE THIRD UNFOLDING 
PARAMETER ~3 
Before we give an interpretation of ~3 let us 
shortly return to equation (3) to give a physi- 
cal interpretation of the damping term. It has 
been included in the form uurICC 
\ 
which physi- 
cally means that it accounts for he dissipation 
created by internal friction due to bending of 
the beam. However, this only gives a linear con- 
tribution. On the other hand we have already 
seen from the nonlinear terms in (3) that the 
axial force contributes nonlinearly to the equa- 
tion of motion. Therefore it is reasonable to 
calculate the contribution of the axial stresses 
due to internal friction to the dissipation in 
the course of the vibration process. This alrea- 
dy has been done in (Holmes and Marsden 1978). 
However, contrarytothe way as this contribu- 
tion is handled in Holmes and Marsden 1978, we 
do not consider it as the leading non-linear 
term but we consider it only as an imperfection 
which is more reasonable physically. Thus we 
make use of the Kelvin-Voigt law of viscoelasti- 
city in the form 
(I : EE + nc (22) 
where (J is the stress and E the strain. The 
contribution of the first term in (22) is given 
in (3) in the third term. The contribution of 
the second term in (22) to be included in (3) is 
given by 
(23) 
[ -nA - (- 1 WC a ’ ’ l‘d{)] & = [- y ; w&dEl W;<. 
at 21 U 
After application of the Galerkin procedure we 
obtain a term 
Y‘q'h (24) 
with 
I, = - (1/2)n*(n/Pvl*). (25) 
In order to obtain the coefficient e3 in (21) ue 
have to transform (24) with (16) into the Ar- 
nold-Bogdanov Normal Form. But from (19) it 
follows that in our case c3 = '6. 
From physical reasons it is clear that a3 is 
negativ. This will be the case where our results 
are of practical importance. 
BIFURCATION DIAGRAM 
The bifurcation diagram is a partition of the 
parameter space into regions of qualitatively 
similar behavior. In our case we have the three- 
dimensional parameter space E,, a2, a3. As ~3 
according to (25) is basically an imperfection 
parameter which for physical reasons hardly can 
be varied, we are going to study the different 
types of bifurcation behavior in the a,, e2 
plane for c3 : 0 and for small values f > 0 and 
1 E3 < 0. In this respect our calculat ons are 
very much similar to those given in (Carr 1981 
and Arnold 1963) and we don't feel it necessary 
to give detailed calculations here. If c3 (0 
the bifurcation diagrams and the phase plane 
diagrams are qualitatively similar to those 
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given in (Carr 1981, Figs. 2 and 4) and (Arnold 
1983, Fig. 143) (see also Herfort and Troger 
1985). Aowever, if we have ~3 > 0 we obtain 
qualitatively different phase plane diagrams, 
which are given in Fig. 3, corresponding to the 
numbers given in the bifurcation diagram .in Fig. 
4. 
Flti. 1. ?haz olane diamams. ‘DE nu&rs Dl-DlO COT- 
rescind to the danains given in the biti- 
tion diamam of Fie. 4. 
FIG. 4. Eifluoatim diemam f-w c3 >s, - 
e < 0 in en. (71). 
The basic difference to the case E 2 0 is that 
another limit cycle is present. I 2 is not too 
difficult to understand how the phase plane 
diagram (Fig. 3) varies qualitatively if we move 
in the bifurcation diagram (Fig. 4). Starting 
with Dl (s, < 0, s2 > 0) we have one unstable 
equilibrium (focus) and one stable limit cycle. 
Keeping a, fixed and varying s2 from a positive 
to a negative value the equilibrium becomes 
stable and a second unstable limit cycle is 
created (D2, El < 0, s2 < 0). Now we keep s2 
fixed and .increase e , . First we reach D3 where 
the focus turns into a node. If El becomes 
positiv D4 is reached where we have three equi- 
libria, two stable nodes and one saddle point 
and two limit cycles, the inner unstable and the 
outer stable. Increasing a, further we reach D5 
where the two stable nodes change into two stab- 
le foci. Now we keep El fixed and increase s2. 
Reaching D6 the stable equilibria change into 
unstable equilibria and consequently two stable 
limit cycles surrounding these equilibria are 
created. We have a total of four limit cycles 
now. Increasing s2 further we reach the border 
line of domain D6 and D7 where we have a closed 
saddle connection which basically is the only 
non-trivial point in the calculation of the 
bifurcation diagram (see Carr 1961 and Arnold 
1983). In D7 we find three unstable equilibria 
and three limit cycles two stable and one unsta- 
ble. Increasing s2 further two limit cycles 
coincide and vanish and we have the phase plane 
diagram D8. Keeping now s2 fixed and reducing sl 
we reach via D9 and DlO the domain Dl again. The 
physical meaning of El and s2 is obvious from 
the coefficients of the linear terms in (9). 
CONCLUSIONS 
The results shown in Figs. 3 and 4 for E > 0 
are mathematically more interesting than 2 hose 
for s3 < 0, because in the former case we have 
always at least one limit cycle showing up in 
the phase plane whereas for E3 L 0 there exist 
domains in the parameter space where no limit 
cycle exists. However, from the chapter where we 
gave a physical interpretation of s- it is clear 
that s3 must be negative for an osc 1 llating tube 
in a heat exchanger. As already mentioned in the 
last chapter where we calculated the bifurcation 
diagram and the phase plane diagrams we obtain 
for the cases s : 0 and e3 < 0 in (21) qualita- 
3l tively identica results cornpaired with those 
obtained for the third order system for which in 
(21) e a 0 and where E3 % 0 is not an imperfec- 
tion parameter. These results are given in Ar- 
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"old 1983 and Carr 1981.This also explains the 
reason why using a non robust model did not come 
to the attention of engineers because in the 
physically relevant range of the parameter ~3 
no qualitative changes in the phase plane dia- 
grams occur and a two parameter unfolding is 
completely satisfactory. 
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